We present a quantum theory for a fully coupled hybrid optomechanical system where all mutual couplings between a two-level atom, a confined photon mode and a mechanical oscillator mode are considered. In such a configuration, new quantum interference effects and correlations arise due to the interplay and competition between the different physical interactions. We present an analytical diagonalization of the related fully coupled Hamiltonian, showing the nature and energy spectra of the tripartite dressed excitations. We determine the driven-dissipative dynamics of such hybrid systems and study phonon blockade effects under resonant excitation. We also study the statistical properties of the photon emission obtained under incoherent pumping of the two-level atom, which is particularly relevant for experiments with solid-state two-level emitters.
I. INTRODUCTION
Both cavity [1] and circuit [2] Quantum ElectroDynamics (cQED) have explored resonant light matter coupling between a confined photon mode and atom-like electronic excitations. On the other hand, quantum optomechanics [3, 4] has explored off-resonant coupling between high-frequency photons and the motion of low frequency mechanical resonators. Superconducting circuits have demonstrated as well the possibility to strongly couple non-linear qubits directly to mechanical degrees of freedom [5, 6] . These fields have reached a point in their maturity allowing the study of hybrid structures presenting both cQED and optomechanical couplings, in both semiconductor structures [7] [8] [9] and superconducting circuits [10, 11] , paving the way to multi-faceted optomechanical interactions.
From a theoretical point of view there have been many proposals exploring the physics yielded by these configurations. Hybridizing optomechanical systems and cQED with a single atom can lead to strong linear coupling between the motion of the atom and the mechanical resonator [12] . Optomechanical cavities where the photon mode is coupled to an atomic ensemble have been studied [13] [14] [15] [16] [17] and should lead to new properties of entanglement and cooling of mechanical motion. The coupling of the light field of an optomechanical cavity to a collective excitation such as a Bose-Einstein condensate [18] or a quantum well excitonic transition [19] has also been studied. More recently, the possibility to reach strong optomechanical coupling has opened the way to studies exploring hybrid systems containing a single two-level atom [20] [21] [22] [23] [24] .
So far the considered physical couplings in hybrid tripartite cavity optomechanics are mediated by one component: either the cavity being coupled both to the artificial atom and the mechanics, or the mechanics being coupled to both the cavity mode and the matter-like excitation. However, in solid state systems all three components can directly interact, calling for a more general description. In this paper we explore the physics of a fully coupled tripartite system, as depicted in Fig.1 . In contrast to previous works, the studied situation accounts for all possible interference paths between atomic, photonic and mechanical states. As a consequence, new scenarios arise where dual couplings in the tripartite system can be effectively enhanced or canceled, producing unconventional non-linearities and photon-phonon correlations.
The paper is organized as follows. In section II we introduce the model of the fully coupled hybrid cavity optomechanical system, consisting of an artificial two-level atom, a cavity mode and a mechanical resonator with all possible interactions within the tripartite system. In particular, in section II A we determine analytically the dressed excitations by diagonalizing the system Hamiltonian, while in section II B we introduce the model of driving and dissipation, which is solved in the following sections. In section III we discuss the interference effects occurring in the processes of cooling and heating, as a result of the interplay between the three different couplings within the tripartite system. In section IV, we present results of phonon blockade obtained under resonant coherent optical driving. In section V, we present our findings on spectral properties of the emission under incoherent pumping of the two-level system for such a tripartite system. Conclusions and perspectives are finally drawn in Sec. VI.
II. FULLY COUPLED HYBRID ATOM-CAVITY-MECHANICS SYSTEM
As can be seen in Fig.1 we consider a hybrid system mixing usual cavity or circuit quantum electrodynamics (cQED) and optomechanics (OM). The system consists of an optical cavity mode, a two-level atom and a mechanical resonator. We model the cQED interaction in terms of a Jaynes-Cummings coupling between the cavity photons FIG. 1. (Color online) Scheme of the fully coupled tripartite hybrid system. A photon confined in a cavity of frequency ωc, a two-level system with transition frequency ωa and a mechanical resonator of frequency ωm are coupled together. gac, gcm and gam represent the atom-cavity, cavity-mechanics and atom-mechanics coupling strengths respectively. and the two-level system [1] . For the optomechanical part we consider the usual radiation-pressure coupling between the cavity mode and mechanical motion [3] . We also take into account a direct dispersive coupling [25] between the two-level system and the mechanical resonator. The corresponding Hamiltonian reads ( = 1):
whereσ x,y,z are the Pauli operators,σ − (σ + ) is the lowering (raising) operator for the two-level system,â (â † )
andb (b † ) are the annihilation (creation) operators of a photon and a mechanical excitation (phonon) respectively. The optical cavity and mechanical frequencies are ω c and ω m respectively. The frequency ω a corresponds to the two-level transition. The Jaynes-Cummings interaction between the artificial atom and the cavity is quantified by the coupling term g ac . g cm determines the cavity frequency shift produced by a displacement of the mechanical resonator in units of its zero-point motion amplitude. Finally g am accounts for the dispersive shift of the atom energy when the mechanical resonator is displaced.
A. Analytical determination of the tripartite dressed excitations of the fully coupled system
Here, we report on the analytical results showing the nature of the tripartite dressed excitations in the general fully coupled situation. We introduce the basis of eigenvectors of the uncoupled Hamiltonian (g ac = g cm = g am = 0): {|g, e ⊗ |k ⊗ |l } k,l∈N . Here |g (|e ) is the ket corresponding to the two-level system being in its ground (excited) state, |k is the Fock state corresponding to k photons in the cavity mode and |l is the state with l mechanical quanta. Let us introduce the operator counting the number of hybrid atom-cavity polaritonic excitations :
We note that this polariton number operator commutes with the total Hamiltonian of the system, [Ĥ 0 ,N polariton ] = 0. Hence, the Hamiltonian of the closed system is block-diagonal in a basis of eigenvectors of the polariton number operator. We thus introduce the Jaynes-Cummings ladder of states diagonalizing the atom-cavity part of the Hamiltonian:Ĥ JC = ω câ †â + ω a /2σ z + ig ac (σ +â −σ −â † ). Namely, we consider the following base for the atom-cavity subsystem {|G , |± (n) } n∈N * , where
with
The corresponding eigenenergies are given by:Ĥ
For the sake of clarity in the notations we shift the energy origin so that in the remainder of this paper we have ω G = 0. This induces the appearance of an additional ω a /2 energy in the Hamiltonian with respect to [20] Moving to the polariton-phonon basis {{|G , |± (n) } n,∈N * ⊗ |l } l∈N , the Hamiltonian becomes block diagonal and can be written in the following form:
Here we have introducedP G = |G G| and ∀n ≥ 1,
each subspace H n containing states with exactly n polaritons. For n ≥ 1 we also introduce Pauli matricesσ
acting on the 2-dimensional Hilbert space spanned by the n-polariton doublet {|− (n) , |+ (n) }. Once in the polariton-phonon basis the cavity-mechanics and atom-mechanics couplings lead to two distinct processes in each subspace H n . On the one hand we have a static shift of the mechanical resonator position (last term in the second line in Eq.5). The states spanned by the n-polariton doublet contain in average n − 1/2 photons that displace the position of the mechanical resonator via radiation pressure. On the other hand, an additional exchange between the atom and the cavity mode leads to an effective coupling between the polariton states and the mechanical resonator of the formσ (n) (b † +b). For large atom-cavity detuning (∆ ac g ac and hence φ (n) ∼ 0) this results in a dispersive coupling between the mechanical resonator and the hybrid atom-cavity polariton excitations (∝σ
). In contrast, for small detunings (∆ ac g ac ) the hybridization between atomic and photonic excitations is more important and the effective coupling between the mechanical degree of freedom and the n-polariton doublets is then Rabi-like (∝σ
In the remainder of this article, we assume a resonant Jaynes-Cummings configuration (ω c = ω a ) for which the Hamiltonian in the n-polariton subspace is simplified as:
From Eq.6 it is possible to gain further insight into the eigenvectors and energies of the problem. Given the block diagonal structure of the Hamiltonian it is possible to diagonalize it by considering each subspace H n separately. Let us introduce the effective polariton-mechanics couplingg pm = g cm − 2g am . In order to tackle the static shift of the mechanical resonator equilibrium position we start by defining displaced creation and annihilation operators for the mechanical resonator:
where q (n) 0 = (n − 1/2) √ 2g cm /ω m is the new equilibrium position for the states in H n . We associate to these operators a displaced basis of Fock states: {|m (n) } m∈N , |m (n) being the Fock state with m phonons for a mechanical resonator centered at the position q (n) 0 . Rewriting the Hamiltonian of Eq.6 in this displaced frame leads to:
In the displaced frame the static shift of the mechanical resonator leads to a perturbative effect ∝σ
inducing a Stark shift of the energies. This second order effect can be fully taken into account at the expense of losing analytical expressions for the eigenenergies and eigenvectors [26] and will be neglected in the following analytical derivation. By performing a rotating wave approximation on the Rabi-like coupling between the n-polariton states and the displaced mechanical resonator we obtain a Jaynes-Cummings coupling between the two subsystems, which is diagonalized by the following basis of hybrid atom-cavity-mechanics states:
where
The corresponding energies for n ≥ 1 and m = 0
while for n ≥ 1 and m ≥ 1 we have
where ω ±,n,m is the Hamiltonian eigenvalue associated to the eigenvector |± n,m .
Whenever the n-polariton doublet is at resonance with the mechanical resonator (2 √ ng ac = ω m ) the matrix elements linking the eigenstates in Eq.9 to the original uncoupled basis are given by:
The overlap between the Fock states of the original and displaced basis varies according to [30] :
where The agreement between the different calculations is excellent (the difference between the curves is not visible in the graph). In the 0-polariton subspace (lower panel of Fig.2 ) the mechanical resonator is decoupled from the cavity and the two-level atom. The corresponding energy levels follow the usual harmonic structure without any dependance on g ac . The picture is radically different in the 1-polariton subspace (upper panel of Fig.2 ). In this case the mechanical resonator and the non-linear 1-polariton doublet are coupled. We obtain an anharmonic level structure arising from the energy splitting described in Eq.??. Changing the atom-cavity coupling results in a modification of the polariton energy splitting, which brings in and out of resonance the atom-cavity polaritonic transitions and mechanical vibrations. This ultimately results in a modulation of the hybrid atom-cavity-mechanics energy levels of the system leading to multiple crossings and anti-crossings.
B. Theoretical framework in presence of driving and dissipation
In order to discuss the dynamics of the open system in presence of a coherent optical drive and of optical, mechanical and atomic losses, we consider the system density matrixρ and the following Lindblad master equation ruling its time evolution:
Here γ m , γ c and γ a are the mechanical, cavity and atomic loss rates respectively. We suppose that the environment is in thermal equilibrium at temperature T . n th is the thermal mean phonon occupancy. We assume that the atom and cavity frequencies at play are such that from a polariton point of view the environment is at zero temperature ω a,c k b T , with k b Boltzmann's constant.V p (t) = iF p (â † e iωpt −âe −iωpt ) describes the coherent optical drive with frequency ω p and amplitude F p . We use the following convention for the Lindblad dissipative terms:
In the following we assume for simplicity that the atom and cavity loss rates are equal γ c = γ a = γ ac and we introduce the polariton and mechanical quality factors Q ac = ω a,c /γ ac and Q m = ω m /γ m . An incoherent atomic excitation of the system will be considered in section V.
III. INTERFERENCE EFFECTS AND CORRELATIONS
In Ref. [20] we discussed how the insertion of a two-level system inside an optomechanical cavity modifies the usual optomechanical effects of cooling and amplification for the mechanical motion. In that work the artificial atom was only coupled to the cavity (g am = 0). Here, we explore the physics of the tripartite hybrid system by including a direct coupling between the atom and the mechanics (g am = 0).
In a standard atom-less optomechanical scenario, cooling (amplification) of mechanical motion is obtained by tuning the optical pump to the red (blue) optomechanical sideband of the cavity resonance [28, 29] . In [20] we showed that with an atom in an optomechanical cavity (with g am = 0) it is possible to favor similar processes by resonantly tuning the pump frequency in such a way to excite the Jaynes-Cummings states defined in Eq.4. With the effective coupling between the polaritons and the mechanics discussed in Eq.6 these processes can be understood as exchanges of excitations between the polariton and mechanical subsystems. The Jaynes-Cummings subsystem is optically excited from its ground state |G to the lower (upper) polariton state. The polariton-mechanics coupling induces then an excitation (deexcitation) within the one-polariton doublet accompanied by absorption (emission) of a phonon. The polaritonic excitation is then recycled via atom-cavity losses bringing the Jaynes-Cummings subsystem back to its ground state so that the cycle can start over.
Following this picture, let us set g am = 0 and go back to the effective polariton-mechanics coupling obtained in Eq.6. From the expression of the couplingg pm , matching the atom-mechanics coupling g am to half the value of the radiation pressure coupling g cm should cancel the effective polariton-mechanics interaction and thus hinder the effects on mechanical motion.
Panels a) and d) of Fig.3 display the evolution of the stationary number of phonons (obtained by diagonalizing the Liouvillian super-operator associated to the master equation in Eq.15) for a bath at finite temperature as a function of the pump frequency and the normalized polariton-mechanics coupling (1/2g cm − g am )/g cm . It is worth noticing that at the exact value g am = 1/2g cm there is indeed a decrease in the efficiency of the cooling/amplification mechanisms. This is clearly represented in panels b) and e) of Fig.3 where ω p = ω show the stationary number of phonons (solid lines) and mechanical second-order autocorrelation function (dashed lines). We previously discussed these processes in terms of an exchange of excitations between the 1-polariton doublet and the mechanical resonator. A more accurate picture of the problem is drawn by looking closely at the transitions between eigenstates excited by the coherent pump. We consider the basis of eigenstates defined by Eq.9, which yields an effective theory valid for small values ofg pm . Let us suppose that the system is initially in a state of the form |G |l and that the pump is set to excite the lower polariton, ω p ∼ ω + will be discussed in section IV). The pump excites the system from subspace H 0 to subspace H 1 and the new system state is approximately |− (1) |l , which is not an eigenstate ofĤ 0 . Due to the effective coupling between the polariton and the mechanics the two eigenstates actually excited by the pump are |± 1,l . The eigenenergies of this doublet are symmetrically positioned around ω When considering the open system, multiple transitions involving different values of l have to be taken into account. Asg pm → 0 the splitting between levels decreases and a single tone of the pump frequency will be able to excite a larger number of transitions thus leading to the enhancement of cooling (or amplification). Nevertheless the exchange of an excitation between the two subsystems remains necessary, which is why we get an exact supression of these processes atg pm = 0.
In panels c) and f ) of Fig.3 we tune the frequency to excite second-order processes ( in c) ω p = ω + + ω m for second-order amplification). Due to the non-resonant processes excited by such pump frequencies we observe a smaller contrast in the aforementioned effects.
IV. PHONON BLOCKADE UNDER COHERENT OPTICAL DRIVE
Here we discuss more specifically the case where the pump frequency is tuned in order to amplify mechanical motion (ω p ∼ ω (1) + ). In particular we show that the coupling with the non-linear Jaynes-Cummings subsystem provides efficient anti-bunched phonon statistics under coherent optical drive, which is different from the the phonon dynamics under incoherent excitation studied in Ref. [20] . and stationary number of photons â †â as a function of the pump frequency ω p for values near the upper-polariton frequency. The environment temperature has been set to T = 0. The red-solid line corresponds to the polariton quality factor Q ac = 10 5 . The phonon autocorrelation function deviates from the value of a thermal distribution (g (2) (0) = 2) for specific values of the pump frequency. These correspond to the peaks on the stationary number of photons observed in panel b). We observe in particular that the first two peaks in the vicinity of the upper-polariton frequency lead to anti-bunching of phonons (g (2) (0) ∼ 0.5). For lower values of the polariton quality factor (bluedashed line, Q ac = 10 4 ) the different peaks are no longer resolved and the autocorrelation functions tends to that of a coherent distribution (g (2) (0) ∼ 1).
To give further insight into these phenomena, let us assume that the system is initially in a state of the form |G |l . Now the pump is tuned to the upper polariton energy, hence the system is promoted to |+ (1) |l : again, this is not an eigenstate of the Hamiltonian, but a linear superposition of the eigenstates |± 1,l+1 . In order to fully understand these transitions we introduce the spectral joint density of states:
We plot this quantity in panel c) of Fig. 4 . For the sake of clarity we have convoluted the function D[ω p ] by a Lorentzian of width γ ac = ω ac /10 5 (red-solid line) or γ ac = ω ac /10 4 (blue-dashed line). We add labels indicating the transitions associated to each peak of the spectral joint density of states, for pump frequencies around the upperpolariton energy. It becomes clear that the anti-bunched statistics of phonons observed in panel a) of Fig. 4 arises from the excitation of states containing 1 hybrid atom-cavity-mechanics excitation |± 1,1 . These states are a superposition of mechanical states with 0 and 1 phonon. On the other hand, as the polariton quality factor decreases (blue dashed lines), it is no longer possible to resolve each transition individually and the mechanical resonator ends in a more "classical" mixture of states leading to a coherent-like autocorrelation function (g (2) (0) ∼ 1).
V. OPTICAL EMISSION: SECOND-ORDER AUTO-CORRELATIONS OF PHOTONS
Here we discuss statistical optical emission properties of the system under incoherent driving of the atom. Such a configuration is within reach for experimentalists dealing with solid-state implementations of the system under discussion (such as embedded semiconductor quantum dots, diamond NV centers or superconducting circuit QED systems). To treat such effects, we will consider the predictions of the master equation accounting for the incoherent driving of the two-level atom, namely:
where we have introduced the incoherent driving rate γ inc . Here, we will focus on the optical second-order autocorrelation function in the steady-state regime:
This quantity has been numerically computed via the quantum regression theorem [31] . Fig. 5 depicts the behavior of g (2) (τ ) for the caseg pm = 0 (top panel) andg pm /g cm = 1 (bottom panel). Given that there are two different time scales for the cavity photon and mechanical oscillator relaxation times (γ c /γ m = 100), for clarity we have plotted the results using a logarithmic scale for the time axis. For vanishing effective coupling (g pm = 0), the correlation function g (2) (τ ) oscillates due to the beating of the polariton modes associated to the polariton splitting 2g ac and tends to 1 on a time scale of the order of 1/γ c : in this case the mechanical oscillator does not affect the properties as a result of the interference effect. Notice that for the considered strong coupling parameters, high quality factors and relatively weak incoherent drive, we find g (2) (τ = 0) 1, in agreement with the analytical formula in Ref. [32] , which has been derived in the limit of weak incoherent drive for a Jaynes-Cummings system consisting of an incoherently pumped two-level emitter coupled to a single cavity mode. On average, g (2) (τ ) stays well below 1 for tγ c < 1.
The bottom panel instead reports results for a finite value ofg pm . For this case, we find that the oscillations become significantly anharmonic due to the existence of the tripartite dressed excitations. Notice that residual oscillations remain up to a scale of the order of 1/γ m (they disappear when t 1/γ m , not shown). In other words, the effect of the mechanical oscillator affects the long-time behavior of the second-order correlation function. Fig. 6 presents the spectral function |G (2) [ω]| 2 , where G (2) [ω] is the Fourier transform of g (2) (τ ) (G (2) [ω] = G (2) [−ω] since g (2) (τ ) is real) . In panels a.1) and b.1), the central peak at ω = 0 is due to the fact that g (2) (τ ) → 1 for τ → +∞. The information about the dressed tripartite excitations is contained in the spectral fine structure appearing at ω ∼ ω m = 2g ac . Panels a.2) and b.2) display a zoom on the spectral structure centered around ω ∼ ω m = 2g ac . The curves in a.1) and a.2) are obtained for an incoherent drive set to γ inc /γ c = 10 −3 and for different values of the effective polariton-mechanics coupling. Forg pm = 0 (red-solid line in both insets) there is no fine structure around the peak. When the effective couplingg pm becomes large enough, we observe the appearance of a richer structure associated to the tripartite excitations and discussed extensively in section III. To complete the description, insets b.1) and b.2), present the emission spectra for an effective coupling set tog pm /g cm = −1 and for two values of the atom incoherent drive (γ inc /γ a = 10 −3 , 10 −1 corresponding to dotted-blue and dashed green curves respectively).
VI. CONCLUSIONS
In conclusion, we have studied a fully coupled hybrid system consisting of a two-level atom, an optical cavity and a mechanical resonator. We have determined analytically the dressed excitations of the corresponding Hamiltonian, when all the three-possible binary interactions are considered. In particular, we have found how the interplay between atom-mechanics and cavity-mechanics couplings leads to interference patterns in the optomechanical effects on the mechanical resonator. We have also demonstrated the capability of such a system to excite anti-bunched states of mechanical motion under resonant coherent excitation of the cavity. Finally we have discussed the statistical photon emission properties for this kind of hybrid cQED optomechanical systems when excited by an incoherent drive. Among the future perspectives, an intriguing one is the study of quantum synchronization when considering arrays/lattices of these hybrid cavity optomechanical systems as well as the study of collective phases involving both atom-cavity [33] and opto-mechanical degrees of freedom.
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